The onset of thermal convection, due to heating from below in a system consisting of a fluid layer overlying a porous layer with anisotropic permeability and thermal diffusivity, is investigated analytically. The porous medium is both anisotropic in permeability whose principal axes are oriented in a direction that is oblique to the gravity vector and in thermal conductivity with principal directions coincident with the coordinate axes. The Beavers-Joseph condition is applied at the interface between the two layers. Based on parallel flow approximation theory, a linear stability analysis is conducted to study the geothermal river beds system and documented the effects of the physical parameters describing the problem. The critical Rayleigh numbers for both the fluid and porous layers corresponding, to the onset of convection arising from sudden heating and cooling at the boundaries are also predicted. The results obtained are in agreement with those found in the past for particular isotropic and anisotropic cases and for limiting cases concerning pure porous media and for pure fluid layer. It has demonstrated that the effects of anisotropic parameters are highly significant.
Introduction
Natural convection in composite fluid and porous layers heated from below can be encountered in many engineering and environmental problems. Applications include solidification of castings, aerosol production, groundwater pollution, thermal insulation, geophysical systems, etc. Therefore a considerable amount of investigations on this subject has been performed in the last decades [1] .
Most investigations of buoyancy-driven flows in two-dimensional fluid/porous systems are concerned with the case of a shallow rectangular cavity partially filled with a porous medium. The interaction that occurs at the interface between a fluid and a porous layer has been formulated in the past according to different approaches. Somerton and Catton [2] studied the stability of a system consisting of a volumetrically heated porous bed overlaid with a fluid layer, heated or cooled isothermally from below. The case of a rectangular cavity, divided into fluid and porous regions, has been investigated numerically by Nishimura et al. [3] using a Brinkman model. The boundary conditions at the interface between fluid and porous medium were written explicitly in stream function-vorticity form. A good agreement was observed between their numerical results and experimental data. The case of a porous bed under a fluid, in a shallow cavity heated from the bottom by a constant heat flux, has been investigated analytically by Vasseur et al. [4] . Closed form solutions were obtained using Na-vierStokes and Brinkmans equations in fluid and porous regions, respectively.
Chen et al. [5] used the BJ condition to predict the onset of motion in a system consisting of a fluid layer overlying an anisotropic porous medium. The onset of surface-tension driven convection has been investigated by Shivakumara et al. [6] in a two layer-system. Both BeaversJoseph and the Jones conditions [7] were applied at the contact surface between the fluid saturated porous medium and the adjacent bulk fluid. A negligible difference in the critical Marangoni numbers was obtained whether BJ or Jones conditions are being used. A study of buoyancy-driven flow in a confined fluid overlying a porous layer has been investigated by Valenca-Lopez and Ochoa-Tapia [8] , using two different models. The first approach considered the NavierStokes equation and Darcys law coupled with the BJ interfacial boundary condition. The second approach used the Brinkman extended Darcys law together with the continuity of shear and velocity at the interface. Significant differences between the overall Nusselt numbers were found when the Rayleigh and Darcy numbers were large enough. Five different types of interfacial conditions between a porous medium and a fluid layer have been analyzed by Alazmi and Vafai [9] . It was found that the variances within different models, for most practical applications, have a negligible effect on the results.
Recently, the influence of the interfacial jump boundary condition on the onset of the convection in superposed fluid and porous layers has been studied by Hirata et al. [10] [11] . The effective jump coefficient was found to strongly influence the marginal stability curves. However the results indicate that the inclusion of the Brinkman term, to model the porous medium, plays a secondary role on the stability results. More recently a linear stability analysis of the onset of thermosolutal convection in horizontal superposed fluid and porous layers was performed by Hirata et al. [12] using the one-domain approach. It was demonstrated that for positive thermal Rayleigh numbers, the convective flow occurs both in the fluid and porous regions. However, for negative thermal Rayleigh numbers the onset of motion is characterized by a multi-cellular flow in the fluid [13] by using both the one-domain approach and the two-domain formulation. A very good agreement was obtained upon comparing the results predicted by the two models. An analytical study of natural convection in a horizontal shallow cavity filled with a fluid layer overlying a porous medium, saturated with the same fluid, has been investigated by Alloui et al. [14] using a Darcy model. The critical Rayleigh numbers for the onset of convection in a composite system are predicted explicitly, by the present model, in terms of the governing parameters of the problem.
For finite-amplitude convection, useful expressions have been obtained for velocity, and temperature distributions in the core of the enclosure. At the interface between the fluid and the porous layers the effect of the slip coefficient is more pronounced on the velocity profiles in the fluid layer than on those in the porous layer. The influence of the governing parameter on the Nusselt numbers are predicted and discussed. Finally, it is noted that the scope of this study is limited by the assumption of a parallel flow, and the model is thus valid in the limit of a shallow enclosure ( ) 1 A  . Despite this restriction, the analytical model provides useful results which can be taken as a starting point for more detailed numerical computations.
The aim of the present study is to study analytically natural convection in a cavity consisting of a fluid layer over a saturated porous layer anisotropic in permeability. The system is heated from the bottom by a constant heat flux. At the interface of the two layers the Beavers-Joseph boundary conditions are applied. In this investigation, we use the Navier-Stokes equations for the fluid layer and the Darcy law with the presence of gravitational field for the porous layer A parallel flow approximation is used, which enables the temperature and velocity fields in the core region of the system to be determined in closed form. The critical Rayleigh for both fluid layer and porous layer corresponding the onset of convection are predicted.
Conceptual Model
The physical model illustrating the problem under different considerations is shown in Figure 1 . A porous layer of thickness p h (zone 2) underlying a fluid layer of thickness f h (zone 1) is considered. Between the first and the second zone, there is an interface (called the nominal surface). The layers are horizontal and extend infinitely in the horizontal direction. The top of the fluid layer is free and the bottom of the porous layer is bounded by rigid walls with uniform heating. It is assumed that the flow is laminar, incompressible, and two-dimensional.
The physical properties of the fluid are assumed constant, except for the density in the buoyancy term in the momentum equations (Boussinesq approximation).
The porous medium is considered homogeneous and anisotropic and saturated with a fluid which is in local thermodynamic equilibrium with the solid matrix. A Cartesian coordinate system is chosen with the origin at the interface between the porous and fluid layers, the y'-axis vertically upward, and the x'-axis horizontal. The porous medium is anisotropic, the permeabilities along the two principal axes of the porous matrix are denoted by 1 K and 2 K . The anisotropy of the porous layer is characterized by the permeability ratio 
Mathematical Formulation
The equations governing the conservation of mass, momentum, energy and the Boussinesq approximation (see, Alloui et al. [14] Yovogan and Degan [15] Yovogan et al. [16] ) can be written in each Zone as follows: ( )
Equation governing the conservation of energy
Equation governing the Boussinesq approximation
 Zone 2 (porous layer):
Equation governing the conservation of mass 0, 
In these equations, ′ V denotes the velocity vector, p′ the pressure and T ′ sin cos sin cos . sin cos sin cos
The appropriate boundary conditions prevailing on the the lower impermeable boundary and the upper free surface of the channel are:
At the interface of the two layers ( ) 0 y′ = , the conventional no-slip velocity boundary condition can be assumed to be valid even at the impermeable walls.
However, Beavers and Joseph [17] postulated the existence of a streamwise slip velocity at the permeable bounding surface. So the dynamic conditions and the continuity of temperature, of the heat flux on the nominal surface are formulated as ( )
According to Rudraiah and Veerabhadraiah [18] [19], the parameter 1 β ′ denotes a constant depending on the material property of the porous medium, which have can be determined only experimentally.
To render the equations non-dimensional, the characteristic length is chosen to be the total height, ( )
, ,
, .
 (and for the porous layer):
where Da K h = the Darcy number and ψ is the usual stream function defined as:
such that the mass conservation is satisfied. the constants a, b, and c are defined as.
( ) 
The dimensionless boundary conditions on the lower impermeable boundary of the porous medium and on the upper free surface of the fluid layer are : 0, 1 ,
At the interface of the two layers (at 0 y = ), we have: ,
Parallel Flow Hypothesis
Assuming that when the flow is fully developed in the system, the axial (x-direction) Engineering The temperature field, in the central part, can be divided into the sum of a linear dependence on x and an unknown function of y. Thus, it is assumed that
where C is the dimensionless horizontal temperature gradient in the horizontal direction. C is the same in the two layers. Similar approximations have been used in the past by Cormack et al. [20] , Sparrow et al. [21] , Vasseur et al. [22] , Sen et al. [23] [24] and Bahloul et al. [25] , among others.
Substituting Equations (25)- (26) into Equations (14)- (17), the governing equations for the fluid layer can be reduced to the following ordinary differential equations:
while for the porous layer, the ordinary differential equations obtained are given (20)- (24) . The resulting expressions for the velocity, stream function and temperature fields for the fluid layer are given by ( ) 
,
Critical Rayleigh Number (Onset of Motion in the System)
The parallel flow approximation is only applicable in the core of the layers. Flows in the end regions are much more complicated and cannot be approximated in such a simple manner. For this reason, the thermal boundary condition in the x-direction cannot be reproduced exactly with this approximation.
We can, however, impose an equivalent energy flux condition in that direction by writing as follows
The integrands are a sum of convective heat fluxes in the fluid and porous medium, respectively. This is derived from the condition of uniform heat flux at the boundaries. Substituting Equations (32)-(33) and (35)-(36) into Equation (43) and integrating yields, after some straightforward but laborious algebra, an expression of the form:
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From Equation (44) it is seen that, apart of the trivial case C = 0 corresponding to the rest state, the value of C for finite amplitude convection is given by
Equation (49) 
Comparison with the Results Predicted in the Past
The marginal stability of the composite system (anisotropic river beds) considered in this investigation is given by Equation (50). We can check this formula against known results for the following limiting cases. This result (Equation (51)) is in agreement the with the result predicted in the past by Nield [26] , P. Vasseur et al. [22] , Degan et al. [27] , on the basis of the li-Engineering near stability theory for the case of a horizontal Darcy porous layer heated from the bottom by a constant heat flux.
Case of a Pure Isotropic Porous Layer
When the permeability is the same in all directions (i.e. for an isotropic porous layer), we have: 
The above result, in the limit 0 Da → , reduces to 720.
which corresponds to the critical Rayleigh number for a layer of fluid bounded by two solid walls as predicted by Alloui et al. [14] and Sparrow et al. [21] . Furthermore, it is easily found that, when 1 0 β → , Equation (52) yields 320.
which is also a value reported in the past by Alloui et al. [14] and Sparrow et al. [21] in the case of a fluid layer with a solid horizontal lower boundary and a free upper surface.
Finally, in the limit of a high Darcy number Da → ∞ , it is found from Equation (52) that 120.
Which is in agreement the with the result predicted in the past by Alloui et al. [14] and Sparrow et al. [21] .
Case of a Liquid Layer Topping a Solid Slab
In the limit 0 Da → , it can be demonstrated from Equation (50) that the critical Rayleigh number is given by the following simplified expression:
which yields the marginal stability condition for a system consisting of a liquid layer over a solid slab. 
Nusselt Number (Heat Transfer Rate)
Since the temperature of each thermally active wall varies linearly in the x-direction, the heat transfer rate can be expressed in terms of Nusselt number at the 0 x = section, defined as
where the temperature difference across the section is given by 
The Nusselt number derived in the present study, Equation (59), can be simplified upon considering the following limiting cases.
Case of Pure Anisotropic Porous Layer: ( 1 η = )
In the limit of a pure porous layer the Nusselt number, as predicted by Equation (59), can be reduced to the form:
Case of Pure Isotropic Porous Layer: ( 1 η = )
Which is in agreement the with the result predicted in the past by Alloui et al. [14] and Vasseur et al. [22] .
Case of Pure Fluid Layer ( 0 η = ):
The limit of a pure fluid layer is also predicted by Equation (59).
( ) ( ) 
Results and Discussion
The effect of varying of 1 β , the slip parameter, of * K , the permeaility ratio and of η , the dimensionless position of the interface on the critical Rayleigh number c Ra is illustraded in Figure 2 β . These values are identical to the results reported in the past, by authors as Vasseur et al. [4] , Degan et al. [14] , Alloui et al. [27] The limit 1 η = (not presented in Figure 2 of the thermal conductivity ratio in the fluid layer situated above the porous layer. This effect stabilizes the systme, and require a more elevated value of the critical Rayleigh number consequently for onset of movements convection in all the cavity. These results are in agreement with those gotten in the past by Alloui et al. [14] . By somewhere else, the gotten results ( Figure 4) show a great influence of the permeability ratio, * K , on the onset of convection. Thus, for a value given of the thermal conductivity, T ε , and of the Darcy number Da, the critical Rayleigh number is maximal when the permeability ratio, * K , is superior to the unity (i.e. * 1 K > ) and is minimal when * K is lower to the unity (i.e. * 1 K < ). For In this case (that means 0 Da → ) we cannot speak anymore of anisotropy.
The effect of Rayleigh number, Ra, on the Nusselt number, Nu, is presented in Figure 5 for different values of the position of the interface, η , when horizontal lower boundary and a free upper surface. these results are in agreement with those gotten in the past by Alloui et al. [14] . However, Figure 5 clearly illustrates the fact that Nu does not increase monotonically, as expected in general, but tends asymptotically toward a constant value that depends upon η , when Da, 1 β , T ε , * K and ϕ are fixed. Thus, from Equation (58), the limit 3.9 Nu = is gotten for 0 there is no heat transfer. On the other hand, for a value superior to c Ra there is heat transfer and the Nusselt number increases when Ra increases from c Ra and tends toward the limit where 6 Nu = . Results show that the infuence of * K is very significant because of the fact that, for a value given of Ra the rate of heat transfer becomes more and more important when * K becomes more and more small that the unity. Besides, the rate of heat becomes more and more small when * K becomes more and more raised in relation to the unity.
The evolution of the Nusselt number according to the position of the interface between the fluid layer and the porous layer, for important discontinuity to the interface. Finally for 1 η = , the point (7) indicates that the linear speed profile is typical and is in agreement with the results gotten in the past by Alloui et al. [14] for the case of a porous layer. For this last situation the heat transfer reaches his maximum. This behavior of the Nusselt number and the profile of speed is like the results gotten in the past by Alloui et al. [14] . The difference between results gotten by these last and the present results are that the pofile of speed, whatever the position of the interface, start with a nill value ( 0 u = ) at the impermeable upper surface for their study while for the present results the prfile of speed takes his maximal value to the free surface.
This behavior of the speed profile to the free surface is explain by the fact that the free surface positioned to y η = of the origine, O, of axis of coordinates, is permeable and that tension owed to the shearing is null, i.e., Figure 9 (a), Figure 9 (b) indicates that the speed to the upper free surface is constant and normal to this surface, and that the constraint of shearing to this surface is equal to zero. We note that the slip parameter, 1 β , and the Darcy number measuring the permeability of the porous layer, have a strong influence on fields of speed and temperature. Thus, for (correspondent to a porous layer very little permeable), Figure 9 (a) indicates that the intensity of flow inside the system is relatively weak. In fact, the major part of the flow is confined in the fluid layer ( 0 0.5 y ≤ ≤ ) where we note a light effect of the anisotropy, while in the porous layer the flui is nearly to rest. The transfer of the heat in the porous layer is mainly a conduction. Besides, we observe that, when Da is very small, the effect of the anisotropic permeaility ratio * K is nearly negligible as indicate in Figure 9 (a) and Figure 10 . These results show that the effect of anisotropy becomes important when the Darcy number measuring the permeability of the porous layer becomes more and more elevated. Otherwise, the profile of speed in the fluid layer (Figure 9(a) ), for every value of * K , reaches his maximum in a point situated on a parallel line out of place downwards in relation to the central axis of the fluid layer ( 0.1234 y = ) and decreases drastic way toward the interface letting appear a dynamic limits layer. This shift is due to the presence of the nominal surface where the speed should change profile, since changing of middle. These results are compliant those gotten by Alloui et al. [14] who studied the effect of Darcy and the slip parameter to the interface.
In Figure 11 
Conclusions
In this investigation, an analytical study of heat transfer is conducted in a system consisting of a horizontal fluid layer over a saturated porous bed. Our research concerns the influence of hydrodynamic anisotropy on stability geothermal streams. The fluid layer superposed on the porous layer is heated from below. Using the Navier-Stokes model for the fluid layer and the Darcy model for the porous layer, an exact solution is found for a fully developed system of forced convective flow through the superposed layers. The Beavers-Joseph condition is applied at the interface between the two layers. The main conclusions of the present study are: It appears that when the principal axes of anisotropy are oriented parallel to the coordinate axis ( 0 ϕ =  ), the characteristic parameter of the criterion of onset of convection, Ra c , increases (or decreases) when the permeability in the vertical direction ( 1 K ) is greater (or smaller) than the permeability in the horizontal direction ( 2 K ). For a given value of Ra, the rate of heat transfer becomes increasingly important when * K is more than unity. In addition, the heat transferred becomes smaller when * K is increasingly large compared to unity.
